Quantum-circuit optimization is essential for any practical realization of quantum computation, in order to beat decoherence. We present a scheme for implementing the final stage in the compilation of quantum circuits, i.e., for finding the actual physical realizations of the individual modules in the quantum-gate library. We find that numerical optimization can be efficiently utilized in order to generate the appropriate control-parameter sequences which produce the desired three-qubit modules within the Josephson chargequbit model. Our work suggests ways in which one can in fact considerably reduce the number of gates required to implement a given quantum circuit, hence diminishing idle time and significantly accelerating the execution of quantum algorithms.
Introduction
The most celebrated and potentially useful quantum algorithms, which include Shor's factorization algorithm 1 and Grover's search 2 , manifest the potential of a quantum computer compared to its classical counterparts.
Widely different physical systems have been proposed to be utilized as a quantum computer 3, 4 . The main drawback shared by most of the physical realizations is the short decoherence time. Decoherence 5 destroys the pure quantum state which is needed for the computation and, therefore, strongly limits the available execution time for quantum algorithms. This, combined with the current restricted technical possibilities to construct and control nanoscale structures, delays the utilization of quantum computation for reasonably extensive 6 algorithms.
The execution time of a quantum algorithm can be reduced by optimization. The methods similar to those common in classical computation 7 can be utilized in quantum compiling, constructing a quantum circuit 8 for the algorithm. Moreover, the physical implementation of each gate can and must be optimized in order to achieve gate sequences long enough, for example, to implement Shor's algorithm within typical decoherence times 9 . Any quantum gate can be implemented by finding an elementary gate sequence 10, 11 which, in principle, exactly mimics the gate operation. In the most general case on the order of 4 n elementary gates are needed to implement an arbitrary n-qubit 12 . Fortunately, remarkably shorter polynomial gate sequences are known to implement many commonly used gates, such as the n-qubit quantum Fourier transform (QFT). In addition to the exact methods, quantum gates can be implemented using techniques which are approximative by nature 9, 13, 14, 15 . In this paper we consider the physical implementation of nontrivial three-gate operations. As an example of the power of the technique, we show how to find realizations for the Fredkin, Toffoli, and QFT gates through numerical optimization. These gates have been suggested to be utilized as basic building blocks for quantum circuits and would thus act as basic extensions of the standard universal set of elementary gates. However, the method presented can be employed to find the realization of any three-qubit gate. Having more computer resources available would allow one to construct gates acting on more than three qubits.
The numerical method allows us a straightforward and efficient way for finding the physical implementation of any quantum gate. Thus, the method may prove to be practical or even necessary for an efficient experimental realization of a quantum computer.
We concentrate on a hypothetical Josephson charge qubit register 16 , since the experimental investigations of superconducting qubits is active; see, for instance, Refs. 17 -19 . The scheme utilizes the number degree of freedom of the Cooper pairs in a superconducting Josephson-junction circuit. It is potentially scalable and it offers, in principle, full control over the quantum register. Moreover, the method employed here is easily extended to any physical realization providing timedependent control over the physical parameters.
Physical Model
The physical implementation of a practical quantum algorithm requires that it is decomposed into modules whose physical realizations are explicitly known. In the quantum computer, the gate operations are realized through unitary operations U that result from the temporal evolution of the physical state of the quantum register. The unitary evolution is governed by the Hamiltonian matrix, H(γ), which describes the energy of the system for a given setting of physical parameters γ. In general, the parameters are time-dependent, γ = γ(t). The induced unitary operator is obtained from the formal solution of the Schrödinger equation
where T stands for the time-ordering operator and we have chosen = 1. We consider the Josephson charge qubit register as a realization of a quantum computer, see Fig. 1 . The register is a homogenous array of mesoscopic superconducting islands and the states of the qubit correspond to either zero or one extra Cooper pair residing on the island. Each of the islands is capacitively coupled to an adjustable gate voltage, V i g (t). In addition, they are coupled to a superconducting lead through mesoscopic SQUIDs. We consider an ideal situation, where each Josephson junction in the SQUID devices has the same Josephson energy E J and capacitance C J . The magnetic flux Φ i (t) through the i th SQUID loop is a control parameter which may be produced by adjustable current I i . The qubit array is coupled in parallel with an inductor, L, which allows the interaction between the qubits. In this scheme the Hamiltonian for the qubit register is
where the standard notation for Pauli matrices has been utilized and σ
x can be controlled with the help of a flux Φ i (t) through the ith SQUID, B i z is a tunable parameter which depends on the gate voltage V g (t) and C is a constant parameter describing the strength of the coupling. We set C equal to unity by rescaling the Hamiltonian and time. The approach taken is to deal with the parameters B i z and B i x as dimensionless control parameters. In the above Hamiltonian, each control parameter can be set to zero, to the degeneracy point, thereby eliminating all temporal evolution. The implementation of one-qubit operations is straightforward through the Baker-Campbell-Hausdorff formula, since the turning on of the parameters B i z and B i x one by one does not interfere with the states of the other qubits. Implementation of two-qubit operations is more complex since simultaneous application of nonzero parameter values for many qubits causes undesired interqubit couplings. However, by properly tuning the parameters it is possible to compensate the interference and to perform any temporal evolution in this model setup. This is partly why numerical methods are necessary for finding the required control-parameter sequences.
Finally, we point out that using the above Hamiltonian we are able to perform gates U ∈ SU (2 k ) since the Hamiltonian is traceless. However, for every gate U ∈ U (2 k ) we can find a matrix U ′ = e iφ U which has a unit determinant. The global phase factor e iφ corresponds to redefining the zero level of energy.
Numerical Methods
We want to determine the physical realization for the quantum gates. Our aim is to numerically solve the inverse problem of finding the parameter sequences γ(t) which would yield the desired gate operation when substituted into Eq. (1). The numerical optimization provides us with the realizations for not only any one-and two-qubit, but also for any three-qubit gates. Using the three-qubit implementation we circumvent the idle time in qubit control which provides us faster execution times, see Fig. 2 . In the Josephson charge qubit model the Hamiltonian for the nqubit register, Eq. (2), depends on the external parameters
To discretize the integration path γ(t) for numerical optimization we consider a parametrization in which the values of the control-parameter fields, {B i z (t)} and {B i z (t)}, are piecewise linear functions of time. Consequently, the path γ(t) can be fully described by a set of parameter values at ν control points, where the slopes of the fields changes. We denote the set of these values collectively as X γ . To obtain a general k-qubit gate U k ∈ SU (2 k ) one needs to have enough control parameters to parameterize the unitary group SU (2 k ), which has a total of 2 2k − 1 generators. Since there are 2k free parameters for each control point in γ we must have
We use ν = 12 for the three-qubit gates and ν = 4 for the two-qubit gates. We force the parameter path to be a loop, which starts from and ends at the degeneracy point, where all parameter values vanish. Then we can assemble the modules in arbitrary order without introducing mismatch in the control parameters. We further set the time spent in traversing each interval of the control points to equal unity. Eventually, the execution time of U k is proportional to ν + 1, which gives us a measure to compare different implementations. Figure 2 illustrates our approach and shows the benefits of the three-qubit implementation of the Fredkin gate compared to corresponding implementation through two-qubit gate decomposition. Note that the two-qubit gate implementation could be further optimized 20 . We evaluate the unitary operator in Eq. (1) in a numerically robust manner by dividing the loop γ(t) into tiny intervals that take time ∆t to traverse. If γ i denotes all the values of the parameters in the midpoint of the i th interval, and m is the number of such intervals, we then find to a good approximation
The evaluation of the U Xγ consists of independent matrix multiplications which can be evaluated simultaneously. This allows straightforward parallelization of the computation. To calculate the matrix exponentials efficiently we use the truncated Taylor-series expansion
where m is an integer in the range 3 -6. Since the eigenvalues of the anti-Hermitian matrix A = −iHδt are significantly less than unity, the expansion converges rapidly. The applicability of the approximation can be confirmed by comparing the results with the exact results obtained using spectral decomposition.
Using the above numerical methods we transform the inverse problem of finding the desired unitary operator into an optimization task. Namely, anyÛ can be found as the solution of the problem of minimizing the error function
over all possible values of X γ . Here · F is the Frobenius trace norm defined as A F = Tr (A † A). The minimization landscape is rough, see Fig. 3 . Thus we apply the robust polytope search algorithm 21 for the minimization. We have assumed that a suitable limit of sufficient accuracy for the gate operations is given by the requirement of the applicability 6 of quantum error correction
whereÛ and U Xγ are the target and the numerically optimized gate operations, respectively.
Quantum Gate Optimization Results
We have applied the minimization procedure to various three-qubit gates and found that the error functional of Eq. (6) can be minimized to values below 10 −4 by running the polytope search repetitively. Table 1 represents the optimized control parameters which serve to yield the Fredkin gate when applied to the Josephson charge qubit Hamiltonian. Numerical results for the Toffoli and three-qubit QFT gates are represented in Tables 2 and 3 , respectively. Finding the control parameter using the polytope search requires on the order of 10 6 error-function evaluations, which takes tens of hours of CPU time, but can be done in a reasonable time by using parallel computing.
We found that the error functional grows linearly in the vicinity of the minimum point X γ , which implies that the parameter sequence found may be robust. The robustness was further analyzed by adding Gaussian noise to the control parameters of the path γ(t). Such a sensitivity analysis confirmed that the error scales linearly with the root-mean-square amplitude of the surplus Gaussian noise.
In our scheme, any three-qubit gate requires an integration path γ(t) with 12 control points, which takes 13 units of time to execute. Similarly, a two-qubit gate takes 5 units of time to execute. Table 4 summarizes our results by comparing the number of steps that are required to carry out a single three-qubit gate or using a sequence of two-qubit gates. The results are calculated for the Fredkin and Toffoli gates following the decomposition given in Refs. 20 and 10. For a QFT gate the quantum circuit is explicitly shown, for example, in Ref. 22 . Any three-qubit gate can be realized by using 68 controlled 2 U and controlled 2 NOT gates. This are calculated assuming that the physical realization for any two qubit modules is available through some scheme similar to the one which is employed in this paper and one-qubit gates are merged into two-qubit modules. The implementation of a general two-qubit module using a limited set of gates, for example, one-qubit rotations R y and R z and the CNOT gate has recently been discussed in Ref. 12. 
Discussion
We have shown how to obtain approximative control-parameter sequences for a Josephson charge-qubit register with the help of a numerical optimization scheme. The scheme utilizes well known theoretical methods and the results are obtained through heavy computation. Our method can prove useful for experimental realization of working quantum computers. The possibility to implement nontrivial multiqubit gates in an efficient way may well turn out to be a crucial improvement in making quantum computing realizable. For example, Josephson-junction qubits suffer from a short decoherence time, in spite of their potential scalability, and therefore the runtime of the algorithm must be minimized using all the possible ingenuity imaginable.
Here we have utilized piecewise linear parameter paths. This makes the scheme experimentally more viable than the pulse-gate solutions, since the parameters are adjusted such that no fields are switched instantaneously. However, the numerical method proposed for solving the time evolution operator is not unique. Some implicit methods for the integration in time may turn out to yield the results more accurately in the same computational time. Furthermore, for practical applications it may turn out to be useful to try and describe the parameter paths using a collection of smooth functions and to find whether they would produce the required gates.
To summarize the results of our numerical optimization, we emphasize that more efficient implementations for quantum algorithms can be found using numerically optimized three-qubit gates. In the construction of large-scale quantum algorithms even larger multiqubit modules may prove powerful. The general idea is to use classical computation to minimize quantum computation time, aiming below the decoherence limit.
